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When rewriting the governing equations in Hamiltonian form, analytical solutions in the form of sym-
plectic series can be obtained by the method of separation of variable satisfying the crack face conditions.
In theory, there exists sufﬁcient number of coefﬁcients of the symplectic series to satisfy any outer
boundary conditions. In practice, the matrix relating the coefﬁcients to the outer boundary conditions
is ill-conditioned unless the boundary is very simple, e.g., circular. In this paper, a new two-level ﬁnite
element method using the symplectic series as global functions while using the conventional ﬁnite ele-
ment shape functions as local functions is developed. With the available classical ﬁnite elements and
symplectic series, the main unknowns are no longer the nodal displacements but are the coefﬁcients
of the symplectic series. Since the ﬁrst few coefﬁcients are the stress intensity factors, post-processing
is not required. A number of numerical examples as well as convergence studies are given.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Fracture can occur in engineering components subject to
mechanical loading conditions. stress intensity factors (SIF) are
important parameters in design. It is well known that the ﬁnite ele-
ment method (FEM) is the most general method for ﬁnding SIFs.
However, FEM requires special techniques and a special mesh
mapping in the vicinity of the crack tip for fracture mechanics
applications and is generally extremely time consuming and is
not high in precision in the vicinity at cracks. For these reasons,
many variants of FEM for evaluating the SIFs have been developed.
Tong et al. (1973) ﬁrst presented a hybrid singular element
based on the Hellinger–Reissner variational principle in order to
overcome the shortcomings of the conventional ﬁnite elements.
After that, Ping et al. (2008) and Chen and Ping (2009) studied
the singular stress ﬁelds around the vertex of an anisotropic mul-
ti-material wedge and the inplane singular elastic ﬁeld problems of
inclusion corners by a super singular wedge tip element. Yao and
Hu (2011) presented a novel singular ﬁnite element to study
cracked plates with arbitrary traction acting on crack surfaces.
Karihaloo and Xiao (2001a,b) and Karihaloo et al. (2003) developed
a higher-order hybrid crack element (HCE) to calculate the
coefﬁcients of higher order terms of the crack tip asymptotic ﬁeld.
The coefﬁcients in standard fracture test specimens such asthree-point bend beams and wedge-splitting specimens were
determined with the aid of HCE. Lin and Abel (1988) introduced
a virtual crack extension technique that employs both a variational
formulation and FEM to calculate the mode-I SIF for a structure
containing a single crack. Subsequently, Hwang et al.
(1998,2001,2005) and Hwang and Ingraffea (2007) generalized this
method to study multiple crack systems and 3D planar cracks. The
extended ﬁnite element method (XFEM) was originally proposed
by Belytschko and Black (1999). They presented a method for
enriching the ﬁnite element approximations so that crack growth
problems can be solved with minimal re-meshing. Yazid et al.
(2009) presented a review of XFEM for computational fracture
mechanics and discussed the basic ideas and formulation for the
newly developed XFEMmethod. Besides the above works, the frac-
tal geometry concepts were introduced into ﬁnite element method.
Reddy and Rao (2008a,b) used a fractal ﬁnite element method
(FFEM) to analyze cracks in a homogeneous, isotropic, and two-
dimensional linear-elastic body subject to mixed-mode (modes I
and II) loading conditions. Su et al. (2003) and Su and Fok (2007)
determined the coefﬁcients of the crack tip asymptotic ﬁeld
by FFEM. Leung and Tsang (2000) and Tsang et al. (2003,2004)
developed a FFEM for the analysis of static and dynamic crack
problems. It can determine SIFs directly and proved to be very efﬁ-
cient and accurate.
In this paper, a ﬁnite element discretized symplectic method
(FEDSM) is developed for calculating the stress-intensity factors
in linear-elastic crack problems. The method separates the overall
cracked elastic body into a ﬁnite size singular stress region near the
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ﬁeld and far ﬁeld. Both the near and far ﬁelds were meshed by the
conventional elements. A symplectic dual approach for elasticity
which was ﬁrst introduced by Zhong and co-workers (Yao et al.,
2009; Lim and Xu, 2010; Zhong et al., 2009) is performed in the
near ﬁelds. The symplecic method has been widely used in many
research areas, e.g. theory of plates and shells (Li et al., 2011,
2013), fracture mechanics (Leung et al., 2009; Xu et al., 2010), vis-
coelasticity (Zhang and Xu, 2006), ﬂuid mechanics (Wang et al.,
2009), functional graded effects (Chen and Zhao, 2009), piezoelec-
tricity (Leung et al., 2007), etc. The analytical solution around the
crack tip in the near ﬁeld is solved and expanded in terms of the
symplectic eigenfunctions. The displacement, stress and SIFs can
be analytically represented. Marking use of the analytical solution,
a displacement transformation is introduced to the near ﬁeld so
that the large number of nodal displacements there can be reduced
effectively to a small set of undetermined coefﬁcients of the sym-
plectic eigenfunctions. Consequently, computer storage and solu-
tion times are reduced signiﬁcantly and parallel computation is
possible. The remaining of the paper is organized in the following
manner. In Section 2, the fundamental equations in Lagrangian
form are transformed to the Hamiltonian form. In Section 3, the
governing equations are solved by the method of separation of
variables and the displacements and stresses are expressed analyt-
ically by the symplectic eigenfunctions. In Sections 4 and 5, the
general formulation of FEDSM and SIFs for the crack systems are
presented. Section 6 shows the numerical results and discusses
the accuracy and efﬁciency.2. The fundamental problem and Hamilton system
Consider an isotropic edge-cracked media in polar coordinates
ðr; hÞ. The r-axis is along the radial direction with the origin located
at the tip of the crack as shown in Fig. 1. The overall cracked media
is divided into near ﬁeld and far ﬁeld regions. The crack face is at
h ¼ p and the length of the crack is a. The constitutive relation
and strain–displacement relation in the near ﬁelds are governed by
rr ¼ Eðer þ tehÞ=ð1 t2Þ; rh ¼ Eðeh þ terÞ=ð1 t2Þ;
srh ¼ Eerh=½2ð1þ tÞ ð1Þ
er ¼ @rur; eh ¼ ur=r þ 1=r@huh; erh ¼ @ruh  uh=r þ 1=r@hur ð2Þ
where rij and eij be the components of stresses and strains, ur and uh
are displacements along the r-axis and h-axis, E is the elastic mod-
ulus, t is Poisson’s ratio and G ¼ E=½2ð1þ tÞ is the shear modulus.
In the following part, we rewrite the governing equation in the
second order Lagrangian form to the ﬁrst order Hamiltonian formFig. 1. An isotropic media with a single edge crack.so that the method of separation of variables can be formally ap-
plied to ﬁnd both the stress and displacement distributions analyt-
ically in symplectic eigenfunctions. Introduce the transformation
g ¼ ln r and use over-dot to represent differentiation with respect
to g, namely _ðÞ ¼ @ðÞ=@g. Deﬁne the original variable q and dual
variable p as
q ¼ ur uhf gT and p ¼ rrr rsrhf gT; ð3Þ
respectively corresponding to the conﬁguration and momentum
variables in the classical Hamiltonian analysis. The Hamiltonian
equations is given by
_W ¼ HWþ f ð4Þ
where W ¼ q pf gT, H and f are the Hamiltonian operator matrix
and the non-homogenous part given by
H¼
t t@h ð1t2Þ=E 0
@h 1 0 2ð1þtÞ=E
E E@h t @h
E@h E@2h t@h 1
2
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ð5Þ
The eigenfunctions of the Hamiltonian operator matrix have
some distinguished behaviors as mentioned in Leung et al.
(2009). The eigensolutions of the Hamiltonian operator matrix
have some particular behaviors that if lj is an eigenvalue, lj is
an eigenvalue also. Hence the eigensolutions can be subdivided
into two groups of a with positive real part and b with negative
real part so that
ðaÞ : lðaÞj ; i¼1;2; . . . ; ReðlðaÞj Þ>0 or ReðlðaÞj Þ¼0 and ImðlðaÞj Þ>0
ðbÞ : lðbÞj ; i ¼ 1;2; . . . ; lðbÞj ¼ lðaÞj
whose eigenfunction-vectors are denoted respectively as wðaÞj and
w
ðbÞ
j . Introducing an inner product hwi; J;wji ¼
R
Xðqipj  qjpiÞdh be-
tween any two of them, one has the adjoint symplectic orthonormal
relations
hwðaÞn ; J;wðaÞk i ¼ hwðbÞn ; J;wðbÞk i ¼ 0
hwðaÞn ; J;wðbÞk i ¼ dnk; hwðbÞn ; J;wðaÞk i ¼ dnk
where dij is the Kronecker delta which equals to one if i = j and
equals to zero otherwise. J ¼ 0 II 0
 
for the identity matrix I.
The boundary conditions along the crack surface are:
½Eður þ @huhÞ=r þ trr=rh¼p ¼ rh
srhjh¼p ¼ srh

ð6Þ
Here, rh and srh are the surface tractions along the crack sur-
faces h ¼ p .
3. The symplectic eigenvalue and eigenfunctions
Consider the homogeneous part of Eq. (4) with the traction free
crack conditions at the inner boundary surfaces. The eigenvalue
eigenfunctions can be obtained similar to Leung et al. (2009) and
are divided into two groups: zero eigenfunctions (the eigenfunc-
tions having zero eigenvalue) and non-zero eigenfunctions
(otherwise).
3.1. The zero eigenfunctions
Because of the traction-free natural boundary conditions, there
exist zero eigenvalues whose eigenfunctions correspond to the
Fig. 2. The cracked region and boundary in the near ﬁeld.
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tions are:
w
ð0Þ
1 ¼ cos h  sin h 0 0f gT ð7Þ
w
ð0Þ
2 ¼ sin h cos h 0 0f gT ð8Þ
w
ð0Þ
3 ¼ ð1tÞhsinh=2þgcosh ð1tÞhcosh=2ð1=2þt=2þgÞsinh Ecosh 0f gT
ð9Þ
w
ð0Þ
4 ¼ ð1tÞhcosh=2þgsinh ð1tÞhsinh=2þð1=2þt=2þgÞcosh Esinh 0f gT
ð10Þ
which have some particular physical interpretations: Eq. (7) and (8)
are rigid translation along the x-direction and y-direction; Eq. (9)
and (10) are a concentrated force applying at the origin along the
x-direction and along y-direction respectively.
3.2. The non-zero eigenfunctions
The non-zero eigenvalue and eigenfunctions describe the local
boundary layer effects which are usually ignored according to
the Saint–Venant principle. They can be subdivided into two
groups of symmetric and anti-symmetric parts.
The symmetric eigenvalues and eigenfunctions are
lsj ¼ j=2; j ¼ 1; 2; . . . ð11Þ
and
w
ðsÞ
j ¼
j1 cos½ð1þlsj Þhþj2 cos½ð1lsj Þh
j1 sin½ð1þlsj Þhþj2ð3þtlsj tlsj Þsin½ð1lsj Þh=js
j1Elsj cos½ð1þlsj Þh=ð1þtÞþj2Elsj ð3lsj Þcos½ð1lsj Þh=js
j1Elsj sin½ð1þlsj Þh=ð1þtÞþj2Elsj ð1lsj Þsin½ð1lsj Þh=js
8>>><
>>>:
9>>>=
>>>;
ð12Þ
in which js ¼ 3 t lsj  tlsj and j1, j2 are the undetermined
coefﬁcients that can be obtained by
Elsj cos½ð1þlsj Þp=ð1þtÞ Elsj ð1þlsj Þcos½ð1lsj Þp=js
Elsj sin½ð1þlsj Þp=ð1þtÞ Elsj ð1lsj Þsin½ð1lsj Þp=js
" #
j1
j2
 
¼0
ð13Þ
The anti-symmetric eigenvalue and eigenfunctions are
laj ¼ j=2; j ¼ 1; 2; . . . ð14Þ
and
w
ðaÞ
j ¼
j3 sin½ð1þlaj Þhþj4 sin½ð1laj Þh
j3 cos½ð1þlaj Þhþj4ð3tþlaj þtlaj Þcos½ð1laj Þh=ja
j3Elaj sin½ð1þlaj Þh=ð1þtÞþj4Elaj ð3laj Þsin½ð1laj Þh=ja
j3Elaj cos½ð1þlaj Þh=ð1þtÞj4Elaj ð1laj Þcos½ð1laj Þh=ja
8>><
>>>:
9>>=
>>>;
ð15Þ
in which ja ¼ 3 t laj  tlaj and j3, j4 are the undetermined
coefﬁcients that can be found by
Elaj sin½ð1þlaj Þp=ð1þtÞ Elaj ð1þlÞsin½ð1laj Þp=ja
Elaj cos½ð1þlaj Þp=ð1þtÞ Elaj ð1lÞcos½ð1laj Þp=ja
" #
j3
j4
 
¼0 ð16Þ
Here, it should be pointed out that the eigenfunctions for
la ¼ 1 have two important physical interpretations: one is
wðaÞ ¼ f0;1;0;0gT representing the rigid body rotation about the
origin and the other is wðaÞ ¼ f2 sin 2h; ð1þ tÞ þ ð1 tÞ
cos 2h; 2E sin 2h; Eþ E cos 2hgT representing the solutions cor-
responding to the application of a concentrated bending moment
at the origin.
Thus, the eigenvalues and eigenfunctions for the homogenous
part of the Hamiltonian equation with the nature crack conditionsare achieved. And the solutions can be extended to the case of non-
homogenous Hamiltonian equations with tractions along the crack
surfaces by superposition of a particular solution (Leung et al.,
2009). According to the behaviors of the Hamiltonian operator ma-
trix (Yao et al., 2009), if l is an eigenvalue, l is an eigenvalue
also. For the crack problem, the eigenfunctions whose eigenvalues
have negative real part would lead the unbound displacement at
the crack tip (Leung et al., 2009). So these eigenfunctions should
not be considered in the following analysis. For convenience, the
complete solution can be expressed in a uniform form:
W ¼
X4
n¼1
cð0Þn w
ð0Þ
n þ
XN
n¼1
cðsÞn w
ðsÞ
n r
lðsÞn þ cðaÞn wðaÞn rl
ðaÞ
n
 
¼
XN
n¼1
cnwnr
ln ð17Þ
where N is the number of eigenfunctions taking into account, cn are
the corresponding undetermined coefﬁcients.
4. The ﬁnite element discretized symplectic method
The analytical solution of the crack problem has been given by
Eq. (17), the undetermined coefﬁcients could be solved by the new
FEDSM in this section. From Eq. (17), we can obtain the following
expressions:
ur uhf gT ¼
XN
n¼1
cnqnr
ln ð18Þ
rr rrhf gT ¼
XN
n¼1
cnpnr
ln1 ð19Þ
Noting that Eq. (18) are the components of displacements in po-
lar coordinates. When in Cartesian coordinate, a transformation of
coordinates is necessary,
ux uyf gT ¼
XN
n¼1
cnqnr
ln and q ¼ cos h  sin h
sin h cos h
 
q ð20Þ
Denote XN and XF as the near and far ﬁelds and its boundary C
as shown in Fig. 2; and MN and MF are the node number in XN and
XF , respectively. The conventional FEM formulation is expressed as
KFF KFN
KNF KNN
 
uF
uN
 
¼ fF
fN
 
ð21Þ
in which K is the global stiffness matrix, where u and f are displace-
ments and force vector, respectively. With the aid of Eq. (20), uN is
rewritten as
uN ¼Uc;Uij ¼
ðq1Þj ðhiÞr
lj
i
ðq2Þj ðhiÞr
lj
i
(
i¼1;3;5; . . . ;Min1; j¼1;2;3; . . . ;N
i¼2;4;6; . . . ;Min; j¼1;2;3; . . . ;N
ð22Þ
Substituting Eq. (22) into Eq. (21), one gets
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UTKNF UTKNNU
 
uF
c
 
¼ fF
UTfN
 
ð23Þ
Therefore, the global stiffness matrix which is of order
2ðMN þMFÞ  2ðMN þMFÞ is reduced to a matrix of order
2ðN þMFÞ  2ðN þMFÞ. Since N is a far smaller number than MN ,
solving Eq. (21) is much easier than solving Eq. (23). By solving
Eq. (23), we obtain the unknown coefﬁcients cn and the analytical
formulations of displacements and stresses are represented by Eq.
(18) and (19). The transformation KFNU andUTKNNU in Eq. (23) can
be obtained individually and each element can be processed in
parallel.Fig. 3. An edge-cracked circular disk subjected to a pair of planar concentrated
forces.
Fig. 4. Variations of the dimensionless mode I SIFs KI=ðP
ﬃﬃﬃﬃﬃﬃﬃﬃ
d=2
p
Þ.5. Stress intensity factors
From Eq. (19) it can be found that the stresses near the crack tip
is proportional to rln1. Therefore, the singularity order of the
stress is ReðlnÞ  1 with the requirement that 0 < ReðlnÞ < 1. Con-
sidering Eq. (11) and (14), l ¼ 1=2 represented the order of singu-
larity at the apex of crack. It is in consistent with the results
denoted by Leung et al. (2009). What of practical interest are the
asymptotic ﬁelds near the crack tip, singular distributions of stres-
ses can be shown in terms of the eigenfunctions whose eigenvalue
equals to 1/2, i.e.
cðsÞ1 p
ðsÞ
1 þ cðaÞ1 pðaÞ1
 
r1=2 ð24Þ
According to the concept of fracture mechanics, the formula-
tions of stress intensity factors can be evaluated by
K I ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
rr jh¼0 ¼ 3
ﬃﬃﬃﬃﬃﬃ
2p
p
cðsÞ1 E=ð1þ vÞ ð25Þ
K II ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
rrhjh¼0 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
cðaÞ1 E=3ð1þ vÞ ð26Þ
From Eq. (25) and (26), it can be seen that the Mode I and II
stress intensity factors can be represented by a combination of
material constants and coefﬁcients of the symplectic expansion.
In another word, it could be reduced to solving the unknown coef-
ﬁcients of the eigenfunctions with l ¼ 1=2.
6. Numerical examples
In this section, the FEDSM has been programmed and calculated
in several examples. Firstly, to show the efﬁciency of the proposed
method, classical FEM technique allowing the determination of the
SIF is implemented in Example 1 and Example 2. Then, a rectangu-
lar plate which contains an oblique crack is considered for mixed
mode analysis in Example 3. Lastly, the complex boundary condi-
tions are investigated in Example 4 and Example 5, the distribu-
tions of component stresses are represented also.
Example 1. As Example 1, an edge-cracked circular disk which has
a diameter of d is considered in Fig. 3. A pair of planar concentrated
forces is applied along the outer circumference and a is the loading
spread angle. Denote a as the crack length and the ratio b ¼ a=d,
the accuracy of the present method were demonstrated by
compare with some available benchmark (Gregory, 1979; Wu,
1991; Wu and Carlsson, 1991) in Fig. 4. The agreement is found to
be quite good. In addition, Table 1 tabulates the comparison of the
dimensionless stress intensity factors to evaluate the efﬁciency of
the FEDSM. For each mesh or total node number, the SIFs for ﬁve
different paths of ANSYS (PLANE183) are calculated by the
displacement extrapolation method and the SIFs for different
number of symplectic expansion terms are calculated by FEDSM. It
is can be seen that the results whose number of unknowns
(NU) > 20 by FEDSM are compared well with 6.2591 reported byWu and Carlsson (1991). The results which calculated by ANSYS
signiﬁcantly strongly depend with the paths and the reﬁnement of
mesh, and it approaches to the exact solution only if there is a large
number of unknown in the near ﬁeld. By comparison, the present
FEDSM requires a low level mesh and only a few eigenfunctions,
but it can produce highly accurate results and consume less
computing time.
A convergence study is carried out with results shown in Fig. 5.
It is found that the results converge to those of Wu and Carlsson
(1991) using 20 terms of symplectic series for all the mesh patterns
in Table 1. In the following examples, the ﬁrst 20 eigenfunctions
are used to calculate the SIFs.
Example 2. In this example, the non-homogenous crack condi-
tions are considered. An edge-cracked circular disk under interface
uniform pressure is shown in Fig. 6. d and a are the length of the
diameter and the crack respectively. The dimensionless Mode I
stress intensity factors are provided in Table 2. The corresponding
ANSYS results (PLANE183) which obtained by taking the average of
various paths are listed in the same table. It can be found that the
numerical results are in a good agreement with Gregory (1977),
but the ANSYS results cannot provide sufﬁcient accuracy. The
comparisons explain that the FEDS method is also available for the
case of interface loads. Moreover, it is proved that the present
method has the advantages of wide application range.Example 3. The inﬂuence of crack inclination on the normalized
stress intensity factors is studied in Example 3. Consider an
edge-cracked rectangular plate with crack angel a. The geometries
of the plate and the crack is chosen as Fig. 7 for comparing with
Rooke and Cartwright (1979) and the comparison of the dimen-
sionless stress intensity factors is shown in Table 3 and Table 4.
It is seen that stress intensity factors reported by Rooke and
Table 1
Dimensionless mode I SIFs KI=ðP
ﬃﬃﬃﬃﬃﬃﬃﬃ
d=2
p
Þ for a ¼ 45 , b ¼ 0:5, t ¼ 0:3.
NU ANSYS FEDSM
1690 4542 7818 12690 20 40 60 80
KI 6.2717 6.2342 6.2365 6.2368 6.2559 6.2566 6.2578 6.2570
Fig. 5. Convergence study.
Fig. 6. An edge-cracked circular disk subjected to interface uniform pressure.
Table 2
Dimensionless mode I SIFs KI=ðr
ﬃﬃﬃﬃﬃﬃﬃﬃ
d=2
p
Þ (t ¼ 0:3).
a=d
0.10 0.15 0.20 0.25
Present 1.0404 1.3785 1.7534 2.1594
Gregory 1.0412 1.3805 1.7570 2.1652
ANSYS 1.0126 1.3431 1.7105 2.1083
Fig. 7. A rectangular plate with an oblique edge crack.
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and the crack and they could not deal with the conditions of
a=b < 0:3 or a=b > 0:7. The FEDS method developed in this paper
is not affected by the geometries or any other the conditions and
have a high degree of accuracy. According to Table 3 and Table 4,
while the stress intensity factors are only different within 0% and
1.3% for Mode I, they are different within 0% to 2.4% for mode II.
Therefore, it is concluded that the present FEDS method is more
capable for analysis of the mixed mode cracks.Example 4. In this example, the method proposed in this study is
applied to an edge cracked rectangular plate with H=W ¼ 1 as
depicted in Fig. 8. a is the length of the crack, b is the range of pres-
sure r. Table 5 presents the comparison of four different applied
range of pressure. For further validations, the present results for
0:3 6 a=W 6 0:7 are compared to that obtained based on the
weight functions. They are in good agreement with the Fett
(1999). In addition, it is interesting to note that: the values of SIFs
for a certain ratio b=W are always increasing monotonically with
the ratio a=W increases; however, the values of SIFs for a certain
ratio a=W are increasing at ﬁrst and then decreasing with the ratio0.30 0.35 0.40 0.45 0.50
2.6207 3.1634 3.8127 4.6351 5.6218
2.6291 3.1739 3.8255 4.6414 5.6224
2.5634 3.1055 3.7629 4.6008 5.6210
Table 3
Dimensionless mode I SIFs KI=ðr
ﬃﬃﬃ
b
p
Þ (t ¼ 0:3).
a a=b
0.1 0.2 0.3 0.4 0.5 0.6 0.7
Present 90 0.9473 1.5314 2.2700 3.3402 4.9787 7.8011 13.233
Rooke – – 2.2997 3.3688 5.0072 7.8150 –
Present 67:5 0.8604 1.3455 1.9471 2.7781 4.0040 5.9448 9.3132
Rooke – – 1.9496 2.7743 4.0057 5.9414 –
Present 45 0.6128 0.8950 1.2171 1.6138 2.1296 2.8267 3.8038
Rooke – – 1.2082 1.6170 2.1269 2.8154 –
Table 4
Dimensionless mode II SIFs KII=ðr
ﬃﬃﬃ
b
p
Þ (t ¼ 0:3).
a a=b
0.1 0.2 0.3 0.4 0.5 0.6 0.7
Present 67:5 0.2247 0.3277 0.4636 0.6401 0.8826 1.2412 1.8253
Rooke – – 0.4668 0.6421 0.8685 1.2621 –
Present 45 0.3693 0.4919 0.6314 0.8129 1.0390 1.3308 1.7210
Rooke – – 0.6178 0.8085 1.0147 1.3106 –
Fig. 8. An edge cracked rectangular plate subjected to partial uniform pressure.
Table 5
Dimensionless mode II SIFs KI=ðr
ﬃﬃﬃﬃﬃ
W
p
Þ (t ¼ 0:3).
a=W b=W
0.25 0.50 0.75 1.00
Present 0.1 0.7234 1.1082 1.1880 0.9455
Fett – – – 0.9445
Present 0.2 1.0601 1.6563 1.8086 1.5341
Fett – – – 1.5350
Present 0.3 1.4452 2.2935 2.5643 2.2754
Fett 1.4498 2.2901 2.5688 2.2736
Present 0.4 1.9640 3.1666 3.6207 3.3406
Fett 2.0292 3.1849 3.6399 3.3482
Present 0.5 2.7400 4.4818 5.2304 4.9929
Fett 2.7792 4.6066 5.2855 5.0054
Present 0.6 4.0332 6.6820 7.9414 7.8077
Fett 4.1531 6.7627 7.9626 7.8345
Present 0.7 6.5080 10.826 13.069 13.181
Fett 6.7257 10.966 13.170 13.324
(a) / 0.1a W =  (b) / 0.3a W =
Fig. 9. Distributions o
1120 A.Y.T. Leung et al. / International Journal of Solids and Structures 51 (2014) 1115–1122b=W increases. It indicates that proper range of applied load could
reduce the stress singularities and provide a way to optimize the
cracked structures. Internal distributions of rx and ry are repre-
sented in contours in Fig. 9 and Fig. 10. The stress concentrations
of the normal stresses for various a=W are depicted directly and
clearly.Example 5. In the last example, a more complex mixed boundary
condition is shown in Fig. 11. Consider an edge cracked circular
disk with the discontinuous boundary conditions where the cir-
cumference is partly clamped and partly stressed. a describes the
range of the clamped part, d and a are the length of the diameter
and the crack. The discontinuous mixed boundary condition is a
great difﬁculty for the analytical method. The analytical solutions(c) / 0.5a W =  (d) / 0.7a W =
f rx for b=W ¼ 1.
(a) / 0.1a W =  (b) / 0.3a W = (c) / 0.5a W =  (d) / 0.7a W =
Fig. 10. Distributions of ry for b=W ¼ 1.
Fig. 11. An edge cracked circular disk with mixed conditions on the circumference.
Fig. 12. Variations of the dimensionless mode I SIFs KI=ðr
ﬃﬃﬃﬃﬃﬃﬃﬃ
d=2
p
Þ.
Fig. 13. Variations of the dimensionless mode II SIFs KII=ðr
ﬃﬃﬃﬃﬃﬃﬃﬃ
d=2
p
Þ.
(a) / 0.1a d = (b) /a d =
Fig. 14. Distributions o
A.Y.T. Leung et al. / International Journal of Solids and Structures 51 (2014) 1115–1122 1121are limited by the geometries of models. Only a few analytical solu-
tions can be obtained for some regular shapes. However, the pres-
ent FEDS method is no limitation in the geometries of models.
Deﬁne b ¼ a=d, the variations of dimensionless Mode I and II SIFs
for b ¼ 0:3; 0:5; 0:7 are plotted in Fig. 12 and Fig. 13. It is seen that
the present results using the proposed FEDS method agree well
with analytical results calculated by Leung et al. (2009) for
b ¼ 0:5, and the present method is veriﬁed again. Moreover, an
important phenomenon can be found that the values of dimension-
less KI decrease as the range of clamped part increases, but the cor-
responding values of dimensionless KII do not have the same
variation, they increase at ﬁrst and then decrease as the range of
clamped part increases. The property is useful for engineering
designs, an appropriate clamped range may decrease the values
of both Mode I and II stress intensity factors and improve the inter-
nal distributions of stresses. Fig. 14 and Fig. 15 represent the con-
tours of rr and srh. The stress concentration at the crack tip is
clearly shown.0.3 (c) / 0.5a d =
f rr for b=W ¼ 1.
(a) / 0.1a d =  (b) / 0.3a d =  (c) / 0.5a d =
Fig. 15. Distributions of srh for b=W ¼ 1.
1122 A.Y.T. Leung et al. / International Journal of Solids and Structures 51 (2014) 1115–11227. Conclusion
The ﬁnite element discretized symplectic method utilizes the
symplectic approach to generate the analytical solutions in the
near ﬁeld. With the aid of a displacement transformation tech-
nique, those large number of displacement unknowns of conven-
tional elements are condensed into ﬁnite number of coefﬁcients
of eigenfunction expansion. Therefore, the crack tip singular ﬁeld
can be represented by analytical functions large memory storage
requirements are completely avoided. Compared with other
numerical methods, FEDSM has three advantages. First, based on
the symplectic eigenfunction expansion of the near region, the
number of unknown variables is reduced to a very low level. This
results in reducing the computational time and the memory
requirement for fracture analysis of cracked structures. Second,
no special ﬁnite elements and post-processing are needed to deter-
mine the stress intensity factors (SIFs) and the exact solutions in
the near ﬁelds are obtained at the same time. Third, as the analyt-
ical solution is embodied in the transformation, the accuracy of the
predicted SIFs and their derivatives is high.
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